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In this paper, we consider the existence of a positive periodic solution for the following fourth-order *p*-Laplacian generalized neutral differential equation with singularity: $$\documentclass[12pt]{minimal}
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In recent years, the study of periodic solutions for neutral differential equations has attracted the attention of many researchers; see \[[@CR2]--[@CR9], [@CR14], [@CR16]--[@CR18], [@CR20], [@CR21]\] and the references cited therein. For related books, we refer the reader to \[[@CR1], [@CR12]\]. Most work concentrated on the neutral operator $\documentclass[12pt]{minimal}
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At the same time, some authors began to consider neutral differential equations with repulsive singularity \[[@CR11], [@CR13], [@CR23]\]. Kong et al. \[[@CR11]\] in 2015 discussed the following second-order neutral differential equation with repulsive singularity: $$\documentclass[12pt]{minimal}
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All the aforementioned results are related to neutral differential equations or neutral differential equations with repulsive singularity. Naturally, a new question arises: how does the neutral differential equation with linear autonomous difference operator work on attractive and repulsive singularities? Besides practical interests, the topic has obvious intrinsic theoretical significance. To answer this question, in this paper, we try to establish the existence of periodic solutions of ([1.1](#Equ1){ref-type=""}) by employing coincidence degree theory. The techniques used are quite different from that in \[[@CR11], [@CR13], [@CR23]\] and our results are more general than those in \[[@CR11], [@CR13], [@CR23]\] in two aspects. Firstly, we first analyze qualitative properties of the neutral operator with a linear autonomous difference operator $\documentclass[12pt]{minimal}
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The paper is organized as follows: In Sect. [2](#Sec2){ref-type="sec"}, we first analyze qualitative properties of the neutral operator $\documentclass[12pt]{minimal}
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Preliminary lemmas {#Sec2}
==================

Firstly, we recall the coincidence degree theory.

Lemma 2.1 {#FPar1}
---------

(Gaines and Mawhin \[[@CR10]\])

*Suppose that* *X* *and* *Y* *are two Banach spaces*, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L:D(L)\subset X\rightarrow Y$\end{document}$ *is a Fredholm operator with index zero*. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega\subset X$\end{document}$ *be an open bounded set and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$N:\overline{\Omega}\rightarrow Y $\end{document}$ *be* *L*-*compact on* Ω̅. *Assume that the following conditions hold*: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Lu\neq\lambda Nu$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\forall u\in\partial\Omega\cap D(L)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda\in(0,1)$\end{document}$;$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Nu\notin\operatorname{Im} L$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\forall u\in\partial\Omega \cap\operatorname{Ker} L$\end{document}$;$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\deg\{JQN,\Omega\cap\operatorname{Ker} L,0\}\neq0$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J:\operatorname{Im} Q\rightarrow\operatorname{Ker} L$\end{document}$ *is an isomorphism*. *Then the equation* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Lu=Nu$\end{document}$ *has a solution in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\overline{\Omega}\cap D(L)$\end{document}$.

On the other hand, we consider the properties of the neutral operator *A*.
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(see \[[@CR22]\])
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                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
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                \begin{document}$V^{-1}:C_{T}\rightarrow C_{T}$\end{document}$ such that $\documentclass[12pt]{minimal}
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                \begin{document}$(V^{-1}u)(t-\delta(t))=(V^{-1}u)(s)=u(t)=u(\mu(s))$\end{document}$, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$(V^{-1}u)(t)=u(\mu(t))$\end{document}$.

Let $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &E:C_{T}\rightarrow C_{T},\quad (Eu) (t):=u(t)- \frac{1}{c(t)}u\bigl(\mu(t)\bigr), \\ &B:C_{T}\rightarrow C_{T},\quad (Bu) (t):= \frac{1}{c(t)}u\bigl(\mu(t)\bigr), \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document}$$D_{0}=t,\qquad D_{j}=\underbrace{\mu\bigl(\mu\bigl(\mu \bigl(\cdots\mu\bigl(\mu }_{j}(t)\bigr)\bigr)\bigr)\bigr),\quad j=1,2,3,\ldots. $$\end{document}$$ By the definition of the linear operator *B*, we can get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\bigl(B^{2}u\bigr) (t)=\frac{1}{c(t)}\cdot\frac{1}{c(\mu(t))}u \bigl(\mu\bigl(\mu(t)\bigr)\bigr) =\frac{1}{c(D_{0})}\cdot\frac{1}{c(D_{1})}u(D_{2}), \\ &\cdots \\ &\bigl(B^{j}u\bigr) (t)=\prod^{j}_{i=1} \frac{1}{c(D_{i-1})}u(D_{j}). \end{aligned}$$ \end{document}$$ Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum^{\infty}_{j=0}\bigl(B^{j}u\bigr) (t)=\sum^{\infty}_{j=0}\prod ^{j}_{i=1}\frac {1}{c(D_{i-1})}u(D_{j}) =u(t)+\sum^{\infty}_{j=1}\prod ^{j}_{i=1}\frac{1}{c(D_{i-1})}u(D_{j}). $$\end{document}$$
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\|B\|<1$\end{document}$, we can see that the operator *E* has a continuous inverse $\documentclass[12pt]{minimal}
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                \begin{document}$E^{-1}:C_{\omega}\rightarrow C_{\omega}$\end{document}$, satisfying $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl(E^{-1}u\bigr) (t)=\bigl((I-B)^{-1}u\bigr) (t)=\sum ^{\infty}_{j=0}\bigl(B^{j}u\bigr) (t). $$\end{document}$$ From $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$(Au)(t)=u(t)-c(t)u(t-\delta(t))$\end{document}$, we have $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned} (Au) (t)&=u(t)-c(t)u\bigl(t-\delta(t)\bigr) \\ &=-c(t)\biggl[u\bigl(t-\delta(t)\bigr)-\frac{1}{c(t)}u(t)\biggr] \\ &=-c(t)V\biggl[u(t)-\frac{1}{c(t)}u\bigl(\mu(t)\bigr)\biggr] \\ &=-c(t) (VEu) (t). \end{aligned}$$ \end{document}$$ Then, from the above analysis, we can see that there exists an operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$A^{-1}$\end{document}$, and $$\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl(A^{-1}u\bigr) (t)&=-\frac{1}{c(t)}\bigl(E^{-1}V^{-1}u \bigr) (t) \\ &=-\frac{1}{c(t)}\bigl(E^{-1}u\bigr) \bigl(\mu(t)\bigr). \end{aligned}$$ \end{document}$$ Therefore, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\vert \bigl(A^{-1}u\bigr) (t) \bigr\vert &= \biggl\vert - \frac{1}{c(t)}\bigl(E^{-1}u\bigr) \bigl(\mu(t)\bigr) \biggr\vert = \Biggl\vert \frac{1}{c(t)}\sum^{\infty}_{j=0} \bigl(B^{j}u\bigr) \bigl(\mu(t)\bigr) \Biggr\vert \\ &= \Biggl\vert \frac{1}{c(t)} \Biggl(u\bigl(\mu(t)\bigr)+\sum ^{\infty}_{j=1}\bigl(B^{j}u\bigr) \bigl(\mu(t) \bigr) \Biggr) \Biggr\vert \\ &\leq\frac{1}{c_{0}} \Biggl\vert u\bigl(\mu(t)\bigr)+\sum ^{\infty}_{j=1}\prod^{j}_{i=1} \frac{1}{c(D_{i})}u(D_{j+1}) \Biggr\vert \\ &\leq\frac{1}{c_{0}} \Biggl(1+\sum^{\infty}_{j=1} \biggl(\frac{1}{c_{0}} \biggr)^{j} \Biggr) \Vert u \Vert \\ &\leq\frac{ \Vert u \Vert }{c_{0}-1}. \end{aligned}$$ \end{document}$$ □

Next, we rewrite ([1.1](#Equ1){ref-type=""}) in the form $$\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ { } \textstyle\begin{cases} (Au_{1})'(t)=u_{2}(t),\\ u_{2}'(t)=\varphi_{q}(u_{3}(t)),\\ u_{3}'(t)=u_{4}(t),\\ u_{4}'(t)=-f(u_{1}(t))u_{1}'(t)-g(t,u_{1}(t))+k(t), \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{upgreek}
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                \begin{document}$\frac{1}{p}+\frac{1}{q}=1$\end{document}$. Clearly, if $\documentclass[12pt]{minimal}
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                \begin{document}$u(t)=\operatorname{col}(u_{1}(t),u_{2}(t),u_{3}(t),u_{4}(t))$\end{document}$ is periodic solution for ([2.1](#Equ4){ref-type=""}), then $\documentclass[12pt]{minimal}
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                \begin{document}$u_{1}(t)$\end{document}$ must be a periodic solution for ([1.1](#Equ1){ref-type=""}). Therefore, the problem of finding an *T*-periodic solution for ([1.1](#Equ1){ref-type=""}) reduces to finding one for ([2.1](#Equ4){ref-type=""}).
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                \begin{document}$X=Y=\{u=\operatorname{col}(u_{1}(t),u_{2}(t),u_{3}(t),u_{4}(t))\in C^{1}(\mathbb{R},\mathbb{R}^{4}): u(t+T)\equiv u(t)\}$\end{document}$ with the norm $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\|u\|=\max\{\|u_{1}\|,\|u_{2}\|,\|u_{3}\|,\|u_{4}\|\}$\end{document}$. Clearly, *X* and *Y* are both Banach spaces. Meanwhile, define $$\documentclass[12pt]{minimal}
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                \begin{document}$$L:D(L)=\bigl\{ u\in C^{1}\bigl(\mathbb{R},\mathbb{R}^{4} \bigr): u(t+T) = u(t), t \in\mathbb {R}\bigr\} \subset X\rightarrow Y $$\end{document}$$ by $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$ (Lu) (t)= \begin{pmatrix} (A u_{1})'(t)\\u_{2}'(t)\\ u_{3}'(t)\\u_{4}'(t) \end{pmatrix} $$\end{document}$$ and $\documentclass[12pt]{minimal}
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                \begin{document}$N: X\rightarrow Y$\end{document}$ by $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ { } (Nu) (t)=\begin{pmatrix}u_{2}(t)\\ \varphi_{q}(u_{3}(t))\\ u_{4}(t)\\-f(u_{1}(t))u_{1}'(t)-g(t,u_{1}(t))+k(t) \end{pmatrix}. $$\end{document}$$ Then ([2.1](#Equ4){ref-type=""}) can be converted to the abstract equation $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Lu=Nu$\end{document}$.

From $\documentclass[12pt]{minimal}
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                \begin{document}$\forall u\in \operatorname{Ker} L$\end{document}$, $u = \begin{pmatrix}
u_{1} \\
u_{2} \\
u_{3} \\
u_{4} \\
\end{pmatrix} \in \operatorname{Ker}L$, i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\left \{ \scriptsize{ \begin{array}{l} (u_{1}(t)-c(t)u_{1}(t-\delta(t)))'=0\\ u_{2}'(t)=0, \\ u_{3}'(t)=0, \\ u_{4}'(t)=0, \end{array}} \right . $\end{document}$ we have $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \textstyle\begin{cases} u_{1}(t)-c(t)u_{1}(t-\delta(t))=a_{1},\\ u_{2}(t)=a_{2},\\ u_{3}(t)=a_{3},\\ u_{4}(t)=a_{4}, \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$a_{1}$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$a_{2}$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$a_{3}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$a_{4}\in\mathbb{R}$\end{document}$ are constant. Let $\documentclass[12pt]{minimal}
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                \begin{document}$\phi(t)\neq0$\end{document}$ is a solution of $\documentclass[12pt]{minimal}
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                \begin{document}$u(t)-c(t)u(t-\delta(t))=1$\end{document}$, then $\operatorname{Ker}L = u = \begin{pmatrix}
{a_{1}\phi(t),} \\
a_{2} \\
a_{3} \\
a_{4} \\
\end{pmatrix}$. From the definition of *L*, one can easily see that $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\operatorname{Ker} L \cong\mathbb {R}^{4},\qquad \operatorname{Im} L= \left \{y\in Y: \int_{0}^{T} \begin{pmatrix} y_{1}(s)\\ y_{2}(s)\\y_{3}(s) \\y_{4}(s) \end{pmatrix} \,ds= \begin{pmatrix} 0\\ 0\\ 0 \\0 \end{pmatrix} \right \}. $$\end{document}$$ So *L* is a Fredholm operator with index zero. Let $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \begin{document}$P:X\rightarrow \operatorname{Ker} L$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$Q:Y\rightarrow \operatorname{Im} Q\subset\mathbb {R}^{4}$\end{document}$ be defined by $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &Px= \begin{pmatrix} (Au_{1})(0)\\u_{2}(0)\\ u_{3}(0) \\ u_{4}(0) \end{pmatrix} ;\\ &Qy=\frac{1}{T} \int_{0}^{T} \begin{pmatrix} y_{1}(s)\\ y_{2}(s) \\ y_{3}(s) \\ y_{4}(s) \end{pmatrix} \,ds, \end{aligned}$$ \end{document}$$ then $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname{Im} P=\operatorname{Ker} L$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \begin{document}$\operatorname{Ker} Q=\operatorname{Im} L$\end{document}$. So, *L* is a Fredholm operator with index zero. Let *K* denote the inverse of $\documentclass[12pt]{minimal}
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                \begin{document}$L|_{\operatorname{Ker} p \cap D(L)}$\end{document}$, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}{} [Ky](t)={}&\operatorname{col}\biggl( \int^{T}_{0}G_{1}(t,s)y_{1}(s) \,ds, \int ^{T}_{0}G_{2}(t,s)y_{2}(s) \,ds, \\ &{} \int^{T}_{0}G_{3}(t,s)y_{3}(s) \,ds, \int ^{T}_{0}G_{4}(t,s)y_{4}(s) \,ds\biggr), \end{aligned}$$ \end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document}$$ { } G_{i}(t,s)= \textstyle\begin{cases} \frac{s}{T}, & 0\leq s < t\leq T;\\ \frac{s-T}{T}, & 0\leq t\leq s \leq T; \end{cases}\displaystyle \quad i=1,2,3,n. $$\end{document}$$ From ([2.2](#Equ5){ref-type=""}) and ([2.3](#Equ6){ref-type=""}), it is easy to see that *QN* and $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$\Omega\subset X$\end{document}$, which means *N* is *L*-compact on Ω̄.

Periodic solutions for ([1.1](#Equ1){ref-type=""}) with repulsive singularity {#Sec3}
=============================================================================

In this section, we investigate the existence of positive periodic solution for ([1.1](#Equ1){ref-type=""}) with repulsive singularity. Firstly, we embed Eq. ([2.1](#Equ4){ref-type=""}) into the following equation family with a parameter $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \begin{document}$$ { } \textstyle\begin{cases} (Au_{1})'(t)=\lambda u_{2}(t),\\ u_{2}'(t)=\lambda\varphi_{q}(u_{3}(t)),\\ u_{3}'(t)=\lambda u_{4}(t),\\ u_{4}'(t)=-\lambda f(u_{1}(t))u_{1}'(t)-\lambda g(t,u_{1}(t))+\lambda k(t). \end{cases} $$\end{document}$$ Substituting $\documentclass[12pt]{minimal}
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                \begin{document}$u_{4}(t)=\lambda^{1-p} (\varphi_{p}((Au_{1})''(t)) )'$\end{document}$ into the last equation of ([3.1](#Equ7){ref-type=""}), we can get $$\documentclass[12pt]{minimal}
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                \begin{document}$$ { } \bigl(\varphi_{p}(Au_{1})''(t) \bigr)''+\lambda^{p}f\bigl(u_{1}(t) \bigr)u_{1}'(t)+\lambda ^{p}g \bigl(t,u_{1}(t)\bigr)=\lambda^{p}k(t). $$\end{document}$$

Lemma 3.1 {#FPar6}
---------

*Suppose the following condition is satisfied*: $\documentclass[12pt]{minimal}
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                \begin{document}$(t,u)\in [0,T]\times(d_{2},+\infty)$\end{document}$. *Then there exists a point* $\documentclass[12pt]{minimal}
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                \begin{document}$$ { } d_{1}\leq u_{1}(\tau)\leq d_{2}. $$\end{document}$$

Proof {#FPar7}
-----

Integration of both sides of ([3.2](#Equ8){ref-type=""}) from 0 to *T*, we have $$\documentclass[12pt]{minimal}
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-----
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Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int^{T}_{0}\varphi_{q}(u_{3}(t))\,dt=\int^{T}_{0}u_{2}'(t)\,dt=0$\end{document}$, then there exists a point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{3}\in[0,T]$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{3}(t_{3})=0$\end{document}$. From the Wirtinger inequality and ([3.14](#Equ20){ref-type=""}), we can easily get $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \Vert u_{3} \Vert \leq{}& \int^{T}_{0} \bigl\vert u_{4}(t) \bigr\vert \,dt \\ \leq{}& T \Vert u_{4} \Vert \\ \leq{}&T\biggl[ \bigl(aT^{2}+2T\alpha \bigr) \\ &{}\cdot\frac{ (\varphi_{q}( \Vert u_{3} \Vert )+c_{2}d_{2} )^{p-1}}{ (1-c_{\infty}- (\frac{T^{2}}{2\pi}c_{2}+2Tc_{1}+2Tc_{1}\delta _{1}+Tc_{\infty}\delta_{2} +c_{\infty}\delta_{1}^{2}+2c_{\infty}\delta_{1} ) )^{p-1}} \\ &{}+ \biggl(2a\pi d_{2}(p-2)+\frac{4\pi \alpha d_{2}(p-1)}{T} \biggr) \\ &{}\cdot\frac{ (\varphi_{q}( \Vert u_{3} \Vert )+c_{2}d_{2} )^{p-2}}{ (1-c_{\infty}- (\frac{T^{2}}{2\pi}c_{2}+2Tc_{1}+2Tc_{1}\delta _{1}+Tc_{\infty}\delta_{2} +c_{\infty}\delta_{1}^{2}+2c_{\infty}\delta_{1} ) )^{p-2}} \\ &{}+bT^{2}\frac{\varphi_{q}( \Vert u_{3} \Vert )+c_{2}d_{2}}{ 1-c_{\infty}- (\frac{T^{2}}{2\pi}c_{2}+2Tc_{1}+2Tc_{1}\delta_{1}+Tc_{\infty}\delta_{2} +c_{\infty}\delta_{1}^{2}+2c_{\infty}\delta_{1} )} \\ &{}+\bigl(2\beta+ \Vert k \Vert \bigr) T\biggr]. \end{aligned}$$ \end{document}$$ Therefore, we get $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned} \Vert u_{3} \Vert \leq{}&T\biggl[ \bigl(aT^{2}+2T\alpha \bigr) \\ &{}\cdot\frac{ \Vert u_{3} \Vert +(p-1) \Vert u_{3} \Vert ^{2-q}c_{2}d_{2}+\cdots+(c_{2}d-2)^{p-1}}{ (1-c_{\infty}- (\frac{T^{2}}{2\pi}c_{2}+2Tc_{1}+2Tc_{1}\delta _{1}+Tc_{\infty}\delta_{2} +c_{\infty}\delta_{1}^{2}+2c_{\infty}\delta_{1} ) )^{p-1}} \\ &{}+ \biggl(2a\pi d_{2}(p-2)+\frac{4\pi \alpha d_{2}(p-1)}{T} \biggr) \\ &{}\cdot\frac{ \Vert u_{3} \Vert ^{2-q}+\cdots+(c_{2}d_{2})^{p-2}}{ (1-c_{\infty}- (\frac{T^{2}}{2\pi}c_{2}+2Tc_{1}+2Tc_{1}\delta _{1}+Tc_{\infty}\delta_{2} +c_{\infty}\delta_{1}^{2}+2c_{\infty}\delta_{1} ) )^{p-2}} \\ &{}+bT^{2}\frac{\varphi_{q}( \Vert u_{3} \Vert )+c_{2}d_{2}}{ 1-c_{\infty}- (\frac{T^{2}}{2\pi}c_{2}+2Tc_{1}+2Tc_{1}\delta_{1}+Tc_{\infty}\delta_{2} +c_{\infty}\delta_{1}^{2}+2c_{\infty}\delta_{1} )} \\ &{}+\bigl(2\beta+ \Vert k \Vert _{\infty}\bigr)T\biggr]. \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\geq2$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{T (aT^{2}+2T\alpha )}{ (1-c_{\infty}- (\frac{T^{2}}{2\pi}c_{2}+2Tc_{1}+2Tc_{1}\delta_{1}+Tc_{\infty}\delta_{2} +c_{\infty}\delta_{1}^{2}+2c_{\infty}\delta_{1} ) )^{p-1}}<1$\end{document}$, there exists a positive constant $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$M_{3}$\end{document}$ (independent of *λ*) such that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ { } \Vert u_{3} \Vert \leq M_{3}. $$\end{document}$$

Substituting ([3.15](#Equ21){ref-type=""}) into ([3.10](#Equ16){ref-type=""}), we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\Vert u_{1}'' \bigr\Vert &\leq \frac{\varphi_{q}( \Vert u_{3} \Vert )+c_{2}d_{2}}{1-c_{\infty}- (\frac {T^{2}}{2\pi}c_{2}+2Tc_{1}+2Tc_{1}\delta_{1}+Tc_{\infty}\delta_{2} +c_{\infty}\delta_{1}^{2}+2c_{\infty}\delta_{1} )} \\ &\leq\frac{M_{3}^{q-1}+c_{2}d_{2}}{1-c_{\infty}- (\frac{T^{2}}{2\pi }c_{2}+2Tc_{1}+2Tc_{1}\delta_{1}+Tc_{\infty}\delta_{2} +c_{\infty}\delta_{1}^{2}+2c_{\infty}\delta_{1} )}:=M_{2}^{*}. \end{aligned}$$ \end{document}$$ Thus, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ { } u_{1}(t)\leq d_{2}+\frac{T^{2}}{2\pi} \bigl\Vert u_{1}'' \bigr\Vert \leq d_{2}+\frac{T^{2}}{2\pi}M_{2}^{*}:=M_{1}, $$\end{document}$$ and from ([3.9](#Equ15){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$ { } \bigl\Vert u_{1}' \bigr\Vert \leq T \bigl\Vert u_{1}'' \bigr\Vert \leq T M_{2}^{*}:=M_{1}^{*}. $$\end{document}$$ Therefore, from ([3.7](#Equ13){ref-type=""}), ([3.16](#Equ22){ref-type=""}) and ([3.17](#Equ23){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ { } \Vert u_{2} \Vert \leq M_{1}^{*}+c_{1}M_{1}+c_{\infty}M_{1}^{*}(1+\delta_{1}):=M_{2}. $$\end{document}$$

On the other hand, from ([3.11](#Equ17){ref-type=""}) and ([3.12](#Equ18){ref-type=""}), we can get $$\documentclass[12pt]{minimal}
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                \begin{document}$$ { } \begin{aligned}[b] \Vert u_{4} \Vert & \leq\max \biggl\vert \int^{T}_{0}u_{4}'(t)\,dt \biggr\vert \leq \lambda \int^{T}_{0} \bigl\vert -f\bigl(u_{1}(t) \bigr)u_{1}'(t)-g\bigl(t,u_{1}(t)\bigr)+k(t) \bigr\vert \,dt \\ &\leq \lambda \biggl( \int^{T}_{0} \bigl\vert f\bigl(u_{1}(t) \bigr) \bigr\vert \bigl\vert u'(t) \bigr\vert \,dt+ \int ^{T}_{0} \bigl\vert g\bigl(t,u_{1}(t) \bigr) \bigr\vert \,dt+ \int^{T}_{0} \bigl\vert k(t) \bigr\vert \,dt \biggr) \\ &\leq \lambda \bigl( \Vert f_{M_{1}} \Vert M_{1}^{*}T +2 \alpha TM_{1}^{p-1}+2\beta T +T \Vert k \Vert \bigr):= M_{4}, \end{aligned} $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\|f_{M_{1}}\|=\max_{0< u_{1}\leq M_{1}}|f(u_{1}(t))|$\end{document}$. □

Lemma 3.3 {#FPar10}
---------

*Assume that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$(H_{3})$\end{document}$ *hold*. *Suppose the following conditions are satisfied*: $\documentclass[12pt]{minimal}
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                \begin{document}$$0< \frac{T (aT+2\alpha )}{ (c_{0}-1- (\frac{T^{2}}{2\pi}c_{2}+2Tc_{1}+2Tc_{1}\delta_{1}+Tc_{\infty}\delta_{2} +c_{\infty}\delta_{1}^{2}+2c_{\infty}\delta_{1} ) )^{p-1}}< 1. $$\end{document}$$ *Then there exist positive constants* $\documentclass[12pt]{minimal}
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                \begin{document}$M_{1}', M_{2}', M_{3}', \ldots, M_{n}'$\end{document}$ *such that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ { } u_{1}(t)\leq M_{1}',\qquad \Vert u_{2} \Vert \leq M_{2}',\qquad \Vert u_{3} \Vert \leq M_{3}',\qquad \Vert u_{4} \Vert \leq M_{4}'. $$\end{document}$$

Proof {#FPar11}
-----

We follow the same strategy and notation as in the proof of Lemma [3.2](#FPar8){ref-type="sec"}. From $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \begin{document}$c_{0}>1$\end{document}$ and Lemma [2.4](#FPar4){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\Vert u_{1}'' \bigr\Vert &=\max _{t\in[0,T]} \bigl\vert A^{-1}Au_{1}''(t) \bigr\vert \\ &\leq\frac{\max_{t\in[0,T]} \vert Au_{1}''(t) \vert }{c_{0}-1} \\ &\leq\frac{\varphi_{q}( \Vert u_{3} \Vert )+c_{2} \Vert u_{1} \Vert +(2c_{1}+2c_{1}\delta_{1}+c_{\infty}\delta_{2}) \Vert u_{1}' \Vert +(c_{\infty}\delta_{1}^{2} +2c_{\infty}\delta_{1}) \Vert u_{1}'' \Vert }{c_{0}-1} \\ &\leq\frac{\varphi_{q}( \Vert u_{3} \Vert )+ (\frac{T^{2}}{2\pi }c_{2}+2Tc_{1}+2Tc_{1}\delta_{1}+Tc_{\infty}\delta_{2} +c_{\infty}\delta_{1}^{2}+2c_{\infty}\delta_{1} ) \Vert u_{1}'' \Vert +c_{2}d_{2}}{c_{0}-1}. \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
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                \begin{document}$c_{0}-1- (\frac{T^{2}}{2\pi}c_{2}+2Tc_{1}+2Tc_{1}\delta_{1}+Tc_{\infty}\delta_{2} +c_{\infty}\delta_{1}^{2}+2c_{\infty}\delta_{1} )>0$\end{document}$, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\Vert u_{1}'' \bigr\Vert \leq \frac{\varphi_{q}( \Vert u_{3} \Vert )+c_{2}d_{2}}{c_{0}-1- (\frac {T^{2}}{4\pi}c_{2}+\sqrt{T}c_{1}+\sqrt{T}c_{1}\delta_{1}+\frac{\sqrt {T}}{2}c_{\infty}\delta_{2} +c_{\infty}\delta_{1}^{2}+2c_{\infty}\delta_{1} )}. $$\end{document}$$ Similarly, we can get $\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|u_{3}\|\leq M_{3}'$\end{document}$. □

Lemma 3.4 {#FPar12}
---------

*Assume that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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*Then there exists a positive constant* $\documentclass[12pt]{minimal}
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                \begin{document}$$ { } u(t)>M^{*},\quad \textit{for all } t\in[0,T]. $$\end{document}$$

Proof {#FPar13}
-----
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                \begin{document}$g(t,u)=g_{0}(u)+g_{1}(t,u)$\end{document}$, ([3.2](#Equ8){ref-type=""}) is rewritten in the form $$\documentclass[12pt]{minimal}
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                \begin{document}$$ { } \bigl(\varphi_{p}(Au_{1})''(t) \bigr)''+\lambda^{p}f\bigl(u_{1}(t) \bigr)u_{1}'(t)+\lambda ^{p}(g_{0} \bigl(u_{1}(t)\bigr)+g_{1}\bigl(t,u_{1}(t)\bigr)= \lambda^{p} k(t). $$\end{document}$$ Let $\documentclass[12pt]{minimal}
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                \begin{document}$\tau\in[0,T]$\end{document}$ be as in ([3.3](#Equ9){ref-type=""}), for any $\documentclass[12pt]{minimal}
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                \begin{document}$\tau\leq t\leq T$\end{document}$. Multiplying both sides of ([3.22](#Equ28){ref-type=""}) by $\documentclass[12pt]{minimal}
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                \begin{document}$[\tau, t]$\end{document}$, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ { } \begin{aligned}[b] \lambda^{p} \int^{u_{1}(t)}_{u_{1}(\tau)}g_{0}(u)\,du={}& \lambda^{p} \int^{t}_{\tau }g_{0}\bigl(u_{1}(s) \bigr)u_{1}'(s)\,ds \\ ={}&- \int^{t}_{\tau}\bigl(\varphi_{p}(Au_{1})''(s) \bigr)''u_{1}'(s)\,ds- \lambda^{p} \int^{t}_{\tau}f\bigl(u_{1}(s)\bigr) \bigl\vert u_{1}'(s) \bigr\vert ^{2}\,ds \\ &{}-\lambda^{p} \int^{t}_{\tau}g_{1}\bigl(s,u_{1}(s) \bigr)u_{1}'(s)\,ds+\lambda^{p} \int^{t}_{\tau }k(s)u_{1}'(s) \,ds. \end{aligned} $$\end{document}$$ By ([3.2](#Equ8){ref-type=""}), ([3.12](#Equ18){ref-type=""}), ([3.16](#Equ22){ref-type=""}) and ([3.17](#Equ23){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ { } \begin{aligned}[b] & \biggl\vert \int^{t}_{\tau}\bigl(\varphi_{p}(Au_{1})''(s) \bigr)''u_{1}'(s)\,ds \biggr\vert \\ &\quad \leq \int ^{t}_{\tau} \bigl\vert \bigl( \varphi_{p}(Au_{1})''(s) \bigr)'' \bigr\vert \bigl\vert u_{1}'(s) \bigr\vert \,ds \\ &\quad \leq \bigl\Vert u_{1}' \bigr\Vert \int^{T}_{0} \bigl\vert \bigl( \varphi_{p}(Au_{1})''(s) \bigr)'' \bigr\vert \,ds \\ &\quad \leq\lambda^{p} M_{1}^{*} \biggl( \int^{T}_{0} \bigl\vert f\bigl(u_{1}(s) \bigr) \bigr\vert \bigl\vert u_{1}'(s) \bigr\vert \,ds+ \int^{T}_{0} \bigl\vert g\bigl(s,u_{1}(s) \bigr) \bigr\vert \,ds+ \int ^{T}_{0} \bigl\vert e(s) \bigr\vert \,ds \biggr) \\ &\quad \leq \lambda^{p} M_{1}^{*} \bigl( \Vert f_{M_{1}} \Vert M_{1}^{*}T +2\alpha TM_{1}^{p-1}+2T \beta +T \Vert k \Vert \bigr). \end{aligned} $$\end{document}$$ Moreover, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ { } \begin{aligned} & \biggl\vert \int^{t}_{\tau}f\bigl(u_{1}(s)\bigr) \bigl\vert u_{1}'(s) \bigr\vert ^{2}\,ds \biggr\vert \leq \bigl\Vert u_{1}' \bigr\Vert ^{2} \int ^{T}_{0} \bigl\vert f\bigl(u_{1}(s) \bigr) \bigr\vert \,ds\leq \Vert f_{M_{1}} \Vert M_{1}^{*2}T, \\ & \biggl\vert \int^{t}_{\tau}g_{1}\bigl(s,u_{1}(s) \bigr)u_{1}'(s)\,ds \biggr\vert \leq \bigl\Vert u_{1}' \bigr\Vert \int ^{T}_{0} \bigl\vert g_{1}(t,u(t) \bigr\vert \,dt\leq M_{1}^{*}\sqrt{T} \Vert g_{M_{1}} \Vert _{2}, \\ & \biggl\vert \int^{t}_{\tau}k(s)u_{1}'(s) \vert \,dt \biggr\vert \leq M_{1}^{*}T \Vert k \Vert , \end{aligned} $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$(H_{3})$\end{document}$. Substituting ([3.24](#Equ30){ref-type=""}) and ([3.25](#Equ31){ref-type=""}) into ([3.23](#Equ29){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \biggl\vert \int^{u_{1}(t)}_{u_{1}(\tau)}g_{0}(u)\,du \biggr\vert & \leq M_{1}^{*} \bigl(2 \Vert f_{M_{1}} \Vert M_{1}^{*}T +2\alpha TM_{1}^{p-1}+2T \beta+ \sqrt{T} \Vert g_{M_{1}} \Vert _{2}+2T \Vert k \Vert \bigr) \\ &:=M_{5}^{*}. \end{aligned}$$ \end{document}$$ From the repulsive condition $\documentclass[12pt]{minimal}
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Proof {#FPar15}
-----

We follow the same strategy and notation as in the proof of Lemma [3.4](#FPar12){ref-type="sec"}. □

By Lemma [2.1](#FPar1){ref-type="sec"}, [3.1](#FPar6){ref-type="sec"}, [3.2](#FPar8){ref-type="sec"}, [3.4](#FPar12){ref-type="sec"}, we get the following main result.

Theorem 3.6 {#FPar16}
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Proof {#FPar17}
-----
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Similarly, by Lemma [2.1](#FPar1){ref-type="sec"}, [3.1](#FPar6){ref-type="sec"}, [3.3](#FPar10){ref-type="sec"}, [3.5](#FPar14){ref-type="sec"}, we have the following theorem.
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Remark 3.8 {#FPar19}
----------
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Periodic solutions for ([1.1](#Equ1){ref-type=""}) with attractive singularity {#Sec4}
==============================================================================

In this section, we investigate the existence of positive periodic solution for ([1.1](#Equ1){ref-type=""}) with attractive singularity.

Theorem 4.1 {#FPar20}
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*Then* ([1.1](#Equ1){ref-type=""}) *has at least one positive periodic solution*.

Proof {#FPar21}
-----

We follow the same strategy and notation as in the proof of Theorem [3.6](#FPar16){ref-type="sec"}. From Lemma [3.1](#FPar6){ref-type="sec"}, we know that there exists a point $\documentclass[12pt]{minimal}
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Theorem 4.2 {#FPar22}
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Example {#Sec5}
=======

We illustrate our results with one numerical example.

Example 5.1 {#FPar23}
-----------

Consider the following fourth-order neutral nonlinear differential equation with repulsive singularity: $$\documentclass[12pt]{minimal}
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Conclusions {#Sec6}
===========

In this article we introduce the existence of periodic solution for a fourth-order generalized neutral differential equation with attractive and repulsive singularities. The techniques used are quite different from that in \[[@CR11], [@CR13], [@CR23]\] and our results are more general than those in \[[@CR11], [@CR13], [@CR23]\] in two aspects. Firstly, we first analyze qualitative properties of the neutral operator with linear autonomous difference operator $\documentclass[12pt]{minimal}
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                \begin{document}$|c|>1$\end{document}$. Secondly, an attractive singularity is in contradiction with the repulsive singularity. Therefore, the methods of \[[@CR11], [@CR13], [@CR23]\] are no long applicable to a study of ([1.1](#Equ1){ref-type=""}) with attractive singularity. So we need to find a new method. In this paper, we discuss the existence of a periodic solution for Eq. ([1.1](#Equ1){ref-type=""}) with attractive and repulsive singularities by applications of the coincidence degree theory. Moreover, in view of the mathematical points, the results satisfying conditions attractive and repulsive singularities are valuable to understand the periodic solution for fourth-order general neutral singular differential equations.
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